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Quantification of coherence lies at the heart of quantum information processing and fundamental physics.
Exact evaluation of coherence measures generally needs a full reconstruction of the density matrix, which
becomes intractable for large-scale multipartite systems. Here, we propose a systematic theoretical approach to
efficiently estimating lower and upper bounds of coherence in multipartite states. Under the stabilizer formalism,
the lower bound is determined by the spectrum estimation method with a small number of measurements and
the upper bound is determined by a single measurement. We verify our theory with a four-qubit optical quantum
system. We experimentally implement various multipartite entangled states, including the Greenberger-Horne-
Zeilinger state, the cluster state, and the W state, and show how their coherence are efficiently inferred from
measuring few observables.
Quantum coherence, being one of the defining features of
quantum mechanics, underlies the fundamental phenomena of
quantum interference and plays a significant role in physics
and quantum information processing (QIP), such as quan-
tum cryptography [1–3], quantum metrology [4, 5], nanoscale
thermodynamics [6–8], and energy transport in biological sys-
tem [9]. Based on the general framework of quantum resource
theories [10–12], a systematic framework of coherence have
been introduced [13, 14], based on which various coherence
measures have been defined [14–26]. Meanwhile, the frame-
work of coherence has been extended from a single party to
the multipartite scenario with several applications, such as
quantum state merging [27], coherence localization [28] and
incoherence teleportation [29]. Studies of the inter-conversion
between coherence and other multipartite nonclassical corre-
lations, such as entanglement [15, 30, 31], discord [32] and
nonlocality [33], also highlight the fundamental role of quan-
tum coherence. With the rapid development of quantum hard-
ware in realizing large-scale multipartite systems, the ability
of efficiently quantifying the coherence would thus offer an
operationally meaningful benchmarking tool and benefit our
understanding of QIP tasks.
Along this spirit, several theoretical proposals have been
proposed to estimate multipartite coherence without costly
state tomography [34–36]. While the initial proposals ei-
ther need copies of the prepared multipartite state [34] or
complicated post-processing [35], the spectrum estimation
method was recently proposed [36], which only requires local
measurements and easy-to-compute post-processing. Never-
theless, the performance of the spectrum estimation method
highly depends on the choice of the measurements, and how it
works for a general multipartite state still needs further study.
Moreover, existing works generally focus on the lower bound
of coherence. In order to determine whether the prepared state
has sufficient resource for a certain quantum information task,
another interesting open problem is to efficiently upper bound
the coherence of quantum states.
In this work, we theoretically address these issues by
proposing two methods that can respectively detect the
∗ These authors contributed equally to this work
lower bound and upper bound of multipartite coherence for
all stabilizer states. The lower bound detection is based
on the spectrum estimation method [36] and the stabilizer
theory [37, 38], which only requires few local observable
measurements for stabilizer states. The upper bound detec-
tion is based on the monogamy of coherence with a single
local measurement. Experimentally, we prepare five stabilizer
states of up to four qubits and demonstrate how few number of
measurements could enable us to infer multipartite coherence.
Theory.— Under the computational basis {|i〉 : i ∈
{0, 1}⊗n} of an n-qubit state, we consider the relative entropy
of coherence [14]
CRE(ρ) = SVN(ρd)− SVN(ρ), (1)
with SVN = −tr[ρ log2 ρ] being the von Neumann entropy
and ρd =
∑
i〈i|ρ|i〉|i〉〈i| being the diagonal part of ρ. The
relative entropy of coherence characterizes the asymptotic dis-
tillable coherence under different types of incoherent opera-
tions [39, 40], quantifies the genuine randomness that can be
extracted from measuring the quantum state in the computa-
tional basis [41–43], captures the deviation from thermody-
namic equilibrium [44], etc. We thus focus on the estimation,
in particular, the lower and upper bounds, of the relative en-
tropy of coherence for general multipartite states.
The lower bound lc(ρ) of the coherence CRE(ρ) can be
obtained by spectrum estimation and the majorization the-
ory [45] as
CRE(ρ) ≥ lc(ρ) = SVN(d)− SVN(d ∨ (∧p∈Xp)), (2)
where d = (d1, ..., d2n) are the diagonal elements of ρ,
p = (p1, ..., p2n) is the estimated probability distribution of
the measurement on a certain entangled basis {|ψk〉}2nk=1, ∨
is majorization joint, and ∧p∈Xp is the majorization meet of
all probability distributions in X [36]. Here the majorization
join and meet are defined based on majorization. Specifi-
cally, given two probability distributions a = (a1, a2, . . . , an)
and b = (b1, b2, . . . , bn) with a1 ≥ a2 ≥ . . . ≥ an and
b1 ≥ b2 ≥ . . . ≥ bn, a is majorized by b (written as a ≺ b)
if it satisfies
∑k
i=1 ai ≤
∑k
i=1 bi for all k = 1, 2, . . . , n. A
probability distribution c is called the majorization join (meet)
of a and b if it satisfies: (i) c  a, b (c ≺ a, b), and (ii)
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2c ≺ c˜ (c  c˜) for any c˜ that satisfies a, b ≺ c˜ (a, b  c˜) [45].
Here, we consider p is selected from the setX , which satisfies
X = {p|Ap ≥ α, Bp = β}, with matrices A and B, vectors
α and β, and component-wise comparison ”≥”. Setting the
two constraints Ap ≥ α and Bp = β lies at the heart in cal-
culating Eq. 2. According to the hermiticity of density matrix
ρ, one can set A as an all-1 matrix and α = 0 for Ap ≥ α, by
which pk ≥ 0 is guaranteed. It’s nontrivial to set the constraint
Bp = β. In the following, we show that for stabilizer states,
i.e., a state with +1 eigenvalues of stabilizing operators, the
conditionBp = β can be readily set and has a straightforward
connection to the experimental implementation.
An observable Si stabilizes an n-qubit state |ψ〉 if |ψ〉 is an
eigenstate with eigenvalue +1 of Si, i.e., Si|ψ〉 = |ψ〉. The set
S of operators Si is the stabilizer of |ψ〉, and |ψ〉 is a so-called
a stabilizer state [38, 46]. For an n-qubit state, there are n
stabilizing operators {S1, ..., Sn} that can uniquely determine
|ψ〉. Here S1, ..., Sn are the generators of the set S, and we
denote S = 〈S1, ..., Sn〉. Note that |ψ〉 is not only stabilized
by {S1, ..., Sn}, but also their products. Thus, there could be
in total 2n stabilizer operators in S.
Given an n-qubit stabilizer state |ψ1〉 associated with stabi-
lizer S, there exists an orthonormal basis {|ψk〉}2nk=1 including|ψ1〉 = |ψ〉, where |ψk〉 is uniquely specified by S but with
different eigenvalues, i.e., Si|ψk〉 = aik|ψk〉 with eigenval-
ues aik = ±1. For example, the Bell state |Φ+〉 = (|00〉 +
|11〉)/√2 can be specified by S = 〈X(1)X(2), Z(1)Z(2)〉.
Hereafter, X(j), Y (j) and Z(j) denote the Pauli matrices σx,
σy and σz acting on the j-th qubit. In the following, qubit
index j may be omitted if there is no confusion. The four
Bell states |Φ±〉 and |Ψ±〉 are specified by S = 〈XX,ZZ〉
as well, with eigenvalues of (+1,+1), (−1,+1), (+1,−1)
and (−1,−1) respectively. The basis {|ψk〉}2nk=1 associated
with the same stabilizer S is also called graph-diagonal ba-
sis [47, 48] as stabilizer state is equivalent to a graph state
under local Clifford operations [49]. Equivalently, |ψk〉 is
uniquely determined by S with vector ak = (a1k, ..., a2nk)
and |ψk〉 can be written as a product of projectors of stabiliz-
ing operators,
|ψk〉〈ψk| =
2n∏
i=1
I + aikSi
2
. (3)
Accordingly, an n-qubit state represented in graph-diagonal
basis is in the form of ρ =
∑
k pk|ψk〉〈ψk|, where the param-
eters pk form a probability distribution p = (p1, ..., p2n) with
pk ≥ 0 and
∑
k pk = 1. The expected value of stabilizing
operator Si on ρ is uniquely determined by p and aik, i.e.,
〈Si〉 = tr(Si
∑
k
pk|ψk〉〈ψk|) =
∑
k
pkaik. (4)
The expected values of stabilizer S on ρ leads to 2n equations,
and can be represented in matrix form a11 . . . a12n... . . . ...
a2n1 . . . a2n2n

︸ ︷︷ ︸
B
·
 p1...
p2n

︸ ︷︷ ︸
p
=
 〈S1〉...
〈S2n〉

︸ ︷︷ ︸
β
, (5)
from which we can set the constraint Bp = β. However,
there does not always exist solutions of p for Eq. 2 in practice
as there are inevitable imperfections in experiment (as shown
with our experimental results). We address this issue by in-
troducing the experimental standard deviation σi of 〈Si〉 and
extending the constraint to an inequality form, 〈S1〉 − wσ1...
〈S2n〉 − wσ2n

︸ ︷︷ ︸
β−
≤ B · p ≤
 〈S1〉+ wσ1...
〈S2n〉+ wσ2n

︸ ︷︷ ︸
β+
, (6)
where wσi with w ≥ 0 is the deviation to the mean value 〈Si〉
represented in σi. To this end, an experimentally accessible
constraint is formulated as β− ≤ Bp ≤ β+. In practice, in-
stead of measuring all the stabilizers, which is impractical for
a large quantum state, we can select a small subset of stabiliz-
ers so that the number of measurement does not scale expo-
nentially to the number of qubits.
Meanwhile, similar constraints can also be formulated for
multipartite states that do not obviously fit the stabilizer for-
malism. The stabilizing operators of such kind of n-qubit
states |ψ〉 could be determined by finding its unitary dynamics
Uψ acting on |0〉⊗n, i.e., |ψ〉 = Uψ|0〉⊗n [46]. As |0〉⊗n is
stabilized by S|0〉
⊗n
i = Z
(i),∀i ∈ {1, 2, ..., n}, the stabilizing
operator of |ψ〉 is Sψi = UψZ(i)Uψ
†. While this scheme may
not be efficient for arbitrary quantum state, it does work for
special types of quantum states which admit efficient classical
representation, such as the W state. Whether our scheme will
work for more general quantum state is an interesting future
work.
To upper bound the coherence of an n-qubit state ρ, we
measure it in the computational basis {|i〉}, which yields a
distribution d = (d1, ..., d2n). Consider a pure state |ψd〉 =∑2n
i=1
√
di|i〉, which has the same diagonal components of ρ,
we can show that ρ = Φ(|ψd〉〈ψd|), where Φ is an incoherent
operation. Based on the monogamy of the relative entropy of
coherence [50], the coherence of ρ is upper bounded by the
coherence uc(ρ) of state |ψd〉 =
∑2n
i=1
√
di|i〉, i.e.,
CRE(ρ) ≤ uc(ρ) = CRE(|ψd〉〈ψd|). (7)
The bound is tight whenever the state is pure, and we refer to
Supplementary Information for details[51].
Experiment.— Next, we demonstrate the capability of
our scheme by estimating the coherence of several typical
multipartite states. We firstly generate photon pairs by a
periodically poled potassium titanyl phosphate (PPKTP)
crystal in a Sagnac interferometer [52], which is bidirec-
tionally pumped by an ultraviolet (UV) diode laser with
central wavelength at 405 nm (as shown in Fig. 1a). The two
photons are entangled in the polarization degree of freedom
(DOF), i.e., |Ψ+ab〉 = (|HaVb〉 + |VaHb〉)/
√
2 with H the
horizontal polarization and V the vertical polarization. We
extent photon to its path DOF by beam displacer (BD),
which transmits vertical polarization and deviate horizon-
tal polarization, i.e., |H〉 → |H〉|h〉 and |V 〉 → |V 〉|v〉
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FIG. 1. Schematic drawing of experimental setup. a, the setup to generate polarization-entangled photon pair. b-d, the setups to generate
|GHZ4〉, |C4〉 and |W4〉 respectively. e, Symbols used in b, c, and d: periodically poled potassium titanyl phosphate (PPKTP), dichroic mirror
(DM), narrow-band filter (NBF), deal wavelength half-wave plate (DWHWP), half-wave plate (HWP), quarter-wave plate (QWP), polarization
beam splitter (PBS), beam displacer (BD) and single-photon detector (SPD). More experimental details can be found in [51].
with h and v the path DOF[53–55]. The qubit is encoded
polarization DOF as |H(V )〉 → |0(1)〉, and path DOF as
|h(v)〉 → |0(1)〉. In our experiment, we denote the qubits
encoded in path DOF as 1 and 3, while the qubits encoded in
path DOF as 2 and 4. As shown in Fig. 1b-d, with different
experimental setup configurations, we can generate various
4-qubit states, including |GHZ4〉 = (|0000〉 + |1111〉)/
√
2,
|C4〉 = (|0000〉 + |0011〉 + |1100〉 − |1111〉)/2 and
|W4〉 = (|0001〉 + |0010〉 + |0100〉 + |1000〉)/2.
Moreover, |GHZ〉3 = (|000〉 + |111〉)/
√
2 and
|W3〉 = (|100〉 + |010〉 + |001〉)/
√
3 can be obtained
by extending one photon to polarization and path DOF while
keeping the other in polarization DOF (See Supplementary
Information for more details [51]).
Results.— For each experimentally generated state ρψexpt, we
measure the expected values of its stabilizers Sψ associated
with the corresponding statistical errors. We refer to Supple-
mentary Information for details of stabilizing operators of |ψ〉
and their experimental results[51].
Then, we set the constraint Eq. 6 with expected values
〈Si〉ψ and statistical errors σi, and substitute it in Eq. 2 for
calculating lc(ρ
ψ
expt). We treat the cases of no solution and
lc(ρ
ψ
expt) ≤ 0 as invalid solutions. To give a comparison
with the results from density matrix form of ρψexpt, we per-
form quantum state tomography on the prepared states ρψexpt,
and calculate CRE(ρ
ψ
expt). The results of lc(ρ
ψ
expt) with differ-
ent settings of w are shown in Fig. 2a with filled color, and the
results of CRE(ρ
ψ
expt) are shown with wire grids. As shown in
Fig. 2a, w = 0 corresponds to the constraint in Eq. 5, under
which only lc(ρGHZ3expt ) and lc(ρ
W4
expt) have valid solutions. Valid
solutions of the other three states can be obtained when we set
w > 0. In our analysis, we set w as non-negative integers.
Specifically, valid solutions of lc(ρC4expt) and lc(ρ
W3
expt) are ob-
served when w ≥ 3, and that of lc(ρGHZ4expt ) is observed when
w ≥ 7. Besides, the distance between lc(ρψexpt) and CRE(ρψexpt)
is closer when increasing w. Although there are advantages
in calculating lc(ρ
ψ
expt) by setting large w, the bigger w rep-
resents the smaller probability that we can experimentally ob-
serve the expected value in range [〈Si〉+(w−1)σi, 〈Si〉+wσi]
as well as [〈Si〉 −wσi, 〈Si〉 − (w− 1)σi], which might cause
lc(ρ
ψ
expt) > CRE(ρ
ψ
expt). This effect is reflected by the results
of lc(ρW3expt), in which we observe lc(ρ
W3
expt) > CRE(ρ
W3
expt) when
w ≥ 3. In the following, all results are obtained by setting
w = 3.
Our goal is to obtain an accurate lc(ρ
ψ
expt) with the fewest
number of measurements Si. To this end, we set the con-
straint of Eq. 6 with expected values ofm stabilizing operators
in {Sψi }, where each of which leads
(
m
2n
)
subsets of {Sψi }.
For each subset, we run the algorithm and count the number
of valid solutions of lc(ρ
ψ
expt). The percentages (pct.) of valid
solutions with expected values of m stabilizing operators are
shown in Fig. 2b. Except for the 4-qubit GHZ state, we ob-
serve an increase of the probability for finding a valid solution
with more measurements. For ρGHZ3expt , ρ
W3
expt and ρ
W4
expt, two mea-
surements are sufficient for giving valid solutions with proba-
bility over 0.7.
Another property we are interested in is the distance be-
tween lc(ρ
ψ
expt) and CRE(ρ
ψ
expt). We calculate the normalized
distance between them, i.e., D = (CRE − lc)/CRE, which is
also the distance represented in CRE. For each m, we average
the normalized distanceD of all valid lc(ρψexpt), and the results
are shown in Fig. 2c. We observe that the average distance
D¯ become smaller as m increasing, which is reverse to the
results of pct. of valid solutions shown in Fig. 2b. Indeed,
there is a trade-off between the probability of obtaining
solutions and accuracy of solutions. The valid lc(ρ
ψ
expt) with
all possible subsets of {Sψi } are displayed in Fig. 3.
The upper bound of ρψexpt is obtained by measuring the
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FIG. 2. Experimental results of the estimation of lower bound lc(ρψexpt). a, results of lc(ρ
ψ
expt) with different setting ofw. lc(ρ
ψ
expt) is obtained by
setting constraint with expected values of all stabilizing operators {Sψi }. b, the percentage of valid solutions of lc(ρψexpt) by setting constraint
with expected values of m stabilizing operators in {Sψi }. c, the average distance D¯ with m stabilizing operators set in constraint.
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probability distribution dψexpt on basis of Z⊗n. The probability
distribution dψexpt can be found in Supplementary Informa-
tion [51], by which we can calculate uc(ρ
ψ
expt) according to
Eq. 7. The results of uc(ρ
ψ
expt) are shown in Fig. 3. We observe
uc(ρ
GHZ3
expt ) = 1.117 ± 0.003, uc(ρGHZ4expt ) = 1.198 ± 0.005,
uc(ρ
C4
expt) = 2.103 ± 0.004, uc(ρW3expt) = 1.725 ± 0.004 and
uc(ρ
W4
expt) = 2.259± 0.006.
Conclusion.— To conclude, we introduce efficient and ex-
perimentally friendly estimation methods for coherence of
multipartite states. Theoretically, the procedure to obtain the
lower bound is based on few measurements of the stabilizing
operators, similar to multipartite entanglement detection [56]
and multipartite Bell inequalities [57]. It thus indicates that
coherence and other resources can be inferred by the same set
of measurements, which can further benefit our understand-
ing of the connection between coherence and other resources,
such as entanglement [15, 30, 31] and nonlocality [33]. The
upper bound only requires a single measurement in the com-
putational basis, which can be useful in understanding the
limit of the quantum resource. Experimentally, we imple-
ment the coherence quantification by measuring the lower and
upper bounds of various multipartite states, and investigate
the robustness of the bounds with different number of mea-
surements. We experimentally verified the feasibility of our
schemes in efficient estimation of multipartite coherence with
few measurements. It is worth noting that a fidelity-based
method was recently proposed to detect the lower bound of
multipartite coherence via the convex roof construction [58].
An open follow-up question is whether our methods can be
further generalized to other coherence measures while main-
taining their appealing feature of efficiency and simplicity.
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6Appendix A: The upper bound of coherence
Theorem 1 LetM(d) be a set of states with the same diag-
onal part, d = (d1, ..., d2n), then |ψd〉 =
∑2n
i=1
√
di|i〉 is the
maximally coherent state inM(d).
Proof - This theorem is equivalent to |ψd〉 =
∑2n
i=1
√
di|i〉
can be transformed into any ρ ∈ M(d) via incoherent opera-
tion.
First, we consider the case of di 6= 0 for all i. Let
{λα, |ϕα〉} be an ensemble decomposition of ρ, i.e., there is
ρ =
∑
α
λα |ϕα〉 〈ϕα| =
∑
α
λα
∑
i,j
cαic
∗
αj |i〉〈j| (A1)
where |ϕα〉 =
∑2n
i=1 cαi|i〉 with
∑2n
i=1 |cαi|2 = 1 for all α.
We immediately obtain that di =
∑
α λα |cαi|2 on account
of ρ ∈ M(d). We can find a completely positive and trace-
preserving (CPTP) map Λ1(·) =
∑
αKα ·K†α that transforms|ψd〉〈ψd| into ρ, consisting of the following Kraus operators,
Kα =
∑
i
√
λαcαi√
di
|i〉〈i|. (A2)
By direct calculations, we can verify that
Λ1(|ψd〉〈ψd|) =
∑
α
Kα|ψd〉〈ψd|K†α
=
∑
α
∑
i,j,k,l
λαcαic
∗
αj√
didj
√
dkdlδikδjl|i〉〈j|
=
∑
α
λα
∑
i,j
cαic
∗
αj |i〉〈j|
= ρ.
(A3)
Next, we show that Λ1(·) is a strictly incoherent operation.
It is easy to verify {Kα} satisfying
∑
αK
†
αKα = I . The
Kraus operators of a strictly incoherent operation have at most
one non-zero entry per column and, at most, one non-zero
entry per row [59, 60]. Then, we immediately get that Kα for
all α are strictly incoherent Kraus operators. Thus, Λ1(·) is a
strictly incoherent operation.
Second, we consider the case of di = 0 for some i.
|ψd〉〈ψd| can be transformed into a block diagonal matrix
|ψm〉〈ψm| ⊕ 0 by using a permutation matrix M , where
|ψm〉 =
∑m
i′=1
√
di′ |i′〉, {|i′〉} is the rearranged incoherent
basis after the permutation matrix, di′ is the corresponding
probability satisfies
∑m
i′=1 di′ = 1, m represents the dimen-
sion of |ψm〉〈ψm|, and 0 represents a square matrix of dimen-
sion 2n − m. In the same way, any ρ ∈ M(d) also can be
transformed into σ ⊕ 0 via the same permutation matrix M .
Thus, we can find a CPTP map Λ2(·) =
∑
βKβ · K†β that
transforms |ψm〉〈ψm|⊕0 into σ⊕0, consisting of the follow-
ing Kraus operators,
Kβ =
∑
i′
√
λβcβi′√
di′
|i′〉〈i′| ⊕ 0, i′ = 1, 2, 3 · · ·m.(A4)
Next, we return to the original incoherent basis {|i〉} by per-
mutation matrix M−1. Note that any permutation matrix is a
strictly incoherent unitary [61]. For any two strictly incoher-
ent operations Λα and Λβ , the operation Λ = Λα◦Λβ is also a
strictly incoherent operation [62]. Thus, |ψd〉 =
∑2n
i=1
√
di|i〉
can be transformed into any ρ ∈M(d) via M−1 ◦Λ2 ◦M for
the case of di = 0 for some i.
To sum up, |ψd〉 =
∑2n
i=1
√
di|i〉 can be transformed into
any ρ ∈ M(d) via incoherent operation in two cases. Thus,
|ψd〉 =
∑2n
i=1
√
di|i〉 is the maximally coherent state in
M(d).
Appendix B: Stabilizing operators
1. GHZ state
For n-qubit GHZ states, the generators of SGHZ are
SGHZn1 =
n∏
i=1
X(i),
SGHZni = Z
(i−1)Z(i) for i = 2, 3, ..., n,
(B1)
and denoted as SGHZn = 〈SGHZn1 , S(GHZn)2 , ..., SGHZnn 〉. For |GHZ3〉, the generators are SGHZ31 = XXX , SGHZ32 = ZZI and
SGHZ33 = IZZ. Then, all stabilizing operators can be obtained by multiplying them with each other, i.e.,
SGHZ34 = S
GHZ3
1 S
GHZ3
2 = −Y Y X,
SGHZ35 = S
GHZ3
1 S
GHZ3
3 = −XY Y,
SGHZ36 = S
GHZ3
2 S
GHZ3
3 = ZIZ,
SGHZ37 = S
GHZ3
1 S
GHZ3
2 S
GHZ3
3 = −Y XY,
SGHZ38 = III.
(B2)
7The generators of |GHZ4〉 are SGHZ41 = XXXX , SGHZ42 = ZZII, SGHZ43 = IZZI and SGHZ44 = IIZZ. Other stabilizing
operators are
SGHZ45 = S
GHZ4
1 S
GHZ4
2 = −Y Y XX,
SGHZ46 = S
GHZ4
1 S
GHZ4
3 = −XY Y X,
SGHZ47 = S
GHZ4
1 S
GHZ4
4 = −XXY Y,
SGHZ48 = S
GHZ4
2 S
GHZ4
3 = ZIZI,
SGHZ49 = S
GHZ4
2 S
GHZ4
4 = ZZZZ,
SGHZ410 = S
GHZ4
3 S
GHZ4
4 = IZIZ,
SGHZ411 = S
GHZ4
1 S
GHZ4
2 S
GHZ4
3 = −Y XY X,
SGHZ412 = S
GHZ4
1 S
GHZ4
2 S
GHZ4
4 = Y Y Y Y,
SGHZ413 = S
GHZ4
1 S
GHZ4
3 S
GHZ4
4 = −XYXY,
SGHZ414 = S
GHZ4
2 S
GHZ4
3 S
GHZ4
4 = ZIIZ,
SGHZ415 = S
GHZ4
1 S
GHZ4
2 S
GHZ4
3 S
GHZ4
4 = −Y XXY,
SGHZ416 = IIII.
(B3)
2. Cluster state
The generators of a n-qubit cluster state |C˜n〉 are
SC˜n1 = X
(1)Z(2),
SC˜ni = Z
(i−1)X(i)Z(i−1) for i = 2, 3, ..., n− 1,
SC˜nn = Z
(n−1)X(n).
(B4)
The generators of 4-qubit linear graph are SC˜41 = XZII, S
C˜4
2 = ZXZI, S
C˜4
3 = IZXZ and S
C˜4
4 = IIZX , and the corresponding
state is |C˜4〉 = (|+00+〉+ |+01−〉+ |−10+〉−|−11−〉)/2. Note that |C˜4〉 can be transformed to the common representation
|C4〉 = (|0000〉+ |0011〉+ |1100〉 − |1111〉)/2 by local unitary HIIH , i.e., |C4〉 = HIIH|C˜4〉. Accordingly, the generators of
|C4〉 are transformed to ZZII, XXZI, IZXX and IIZZ. Other stabilizing operators are
SC45 = S
C4
1 S
C4
2 = −Y Y ZI,
SC46 = S
C4
1 S
C4
3 = ZIXX,
SC47 = S
C4
1 S
C4
4 = ZZZZ,
SC48 = S
C4
2 S
C4
3 = XY Y X,
SC49 = S
C4
2 S
C4
4 = XXIZ,
SC410 = S
C4
3 S
C4
4 = −IZY Y,
SC411 = S
C4
1 S
C4
2 S
C4
3 = Y XY X,
SC412 = S
C4
1 S
C4
2 S
C4
4 = −Y Y IZ,
SC413 = S
C4
1 S
C4
3 S
C4
4 = −ZIY Y,
SC414 = S
C4
2 S
C4
3 S
C4
4 = XYXY,
SC415 = S
C4
1 S
C4
2 S
C4
3 S
GHZ4
4 = Y XXY,
SC416 = IIII.
(B5)
83. W state
|W3〉 can be transformed from |000〉 by unitary UW3 = (XZI + IXZ + ZIX)/
√
3, i.e., |W3〉 = UW3 |000〉[56]. Thus the
generators of |W3〉 is derived by
SW31 = U
W3ZIIUW3† =
1
3
(ZII + 2Y Y Z + 2XZX),
SW32 = U
W3IZIUW3† =
1
3
(IZI + 2ZY Y + 2XXZ),
SW33 = U
W3IIZUW3† =
1
3
(IIZ + 2Y ZY + 2ZXX).
(B6)
Other stabilizing operators are
SW34 = S
W3
1 S
W3
2 =
1
3
(2XIX + 2IY Y − ZZI),
SW35 = S
W3
1 S
W3
3 =
1
3
(2IXX + 2Y Y I− ZIZ),
SW36 = S
W3
2 S
W3
3 =
1
3
(2XXI + 2Y IY − IZZ),
SW37 = S
W3
1 S
W3
2 S
W3
3 = −ZZZ,
SW38 = III.
(B7)
Similarly, We can find a possible unitary operator UW4 = (ZZZX + ZZXI + ZXII + XIII)/2 to generate |W4〉 from
|0000〉. Thus, the generators of |W4〉 can be obtained, i.e.,
SW41 =
1
2
(Y ZZY + IY ZY + IIY Y + IIIZ),
SW42 =
1
2
(Y ZY I + IY Y I + IIZI + IIXX),
SW43 =
1
2
(Y Y II + IZII + IXZX + IXXI),
SW44 =
1
2
(ZIII +XZZX +XZXI +XXII),
(B8)
and other stabilizing operators are
SW45 = S
W4
1 S
W4
2 =
1
2
(Y ZY Z + Y ZIY + IY Y Z + IY IY ),
SW46 = S
W4
1 S
W4
3 =
1
2
(Y Y IZ + Y IZY + IZY Y + IXXZ),
SW47 = S
W4
1 S
W4
4 =
1
2
(ZY ZY + ZIY Y +XZXZ +XXIZ),
SW48 = S
W4
2 S
W4
3 =
1
2
(Y Y ZI + Y IY I + IZXX + IXIX),
SW49 = S
W4
2 S
W4
4 =
1
2
(ZY Y I + ZIXX +XZIX +XXZI),
SW410 = S
W4
3 S
W4
4 =
1
2
(ZXZX + ZXXI +XIZX +XIXI),
SW411 = S
W4
1 S
W4
2 S
W4
3 =
1
2
(Y Y ZZ + Y IY Z + Y IIY − IZZZ),
SW412 = S
W4
1 S
W4
2 S
W4
4 =
1
2
(ZY Y Z + ZY IY − ZIZZ +XXZZ),
SW413 = S
W4
1 S
W4
3 S
W4
4 =
1
2
(ZZY Y − ZZIZ + ZXXZ +XIXZ),
SW414 = S
W4
2 S
W4
3 S
W4
4 =
1
2
(−ZZZI + ZZXX + ZXIZ +XIIX),
SW415 = S
W4
1 S
W4
2 S
W4
3 S
W4
4 = −ZZZZ,
SW416 = IIII.
(B9)
9Appendix C: Details of experimental realizations and results
In this Appendix, we provide further details about our experimental setup. It would be useful to bear in mind the following:
(i) A half-wave plate (HWP) @ θ performs the unitary transformation UHWP = cos 2θ(|H〉〈H| − |V 〉〈V |) + sin 2θ(|H〉〈V |+
|V 〉〈H|) on a polarization state, where θ is the angle between fast axis of HWP and vertical polarization.
(ii) A beam displacer (BD) transmits a vertically polarized photon but deviates a horizontally polarized one.
(iii) A polarized beam splitter (PBS) transmits a horizontally polarized photon but reflects a vertically polarized one.
(iv) A quarter-wave plate (QWP) @ θ performs the unitary transformation UQWP = 1√2 [I2 + i cos 2θ(|H〉〈H| − |V 〉〈V |) +
i sin 2θ(|H〉〈V | + |V 〉〈H|)], where I2 = |H〉〈H| + |V 〉〈V | and θ is the angle between fast axis of QWP and vertical
polarization, on a polarization state.
1. Polarization-entangled photon source
b
HWP@405nm
LD@405nm
PBS@405nm
     PBS
@405&810nm
 HWP
@405&810nm
NBF
SMF
L1
L2
L3
DM
NBF
SMF
a
FIG. 4. Illustration of experimental setup to generate polarization-entangled photon pair.
As shown in Fig. 4, the power of the pump light can be adjusted by a HWP and a PBS. After the PBS, horizontal polarization
|Hp〉 is rotated to |+p〉 = 1√2 (|Hp〉+ |Vp〉) by a HWP set at 22.5◦. Pump beam is focused into PPKTP crystal with beam waist
of 74µm by two lenses L1, whose focal length is 75mm and 125mm respectively. PPKTP crystal, with dimensions of 10 mm
(length) × 2 mm (width) × 1 mm (thickness) and poling period of Λ = 10.025µm, is held in a home-built copper oven and
the temperature is controlled by a homemade temperature controller, which is set at 29◦C to realize the optimum type-II phase
matching at 810 nm. Then, the pump beam is split by a dual-wavelength PBS, and coherently pumps PPKTP in the clockwise and
counterclockwise direction respectively. The clockwise and counterclockwise photons are recombined at the dual-wavelength
PBS to generate polarization-entangled photons with ideal form of |Ψ+13〉 = 1√2 (|H1V3〉 + |V1H3〉). Two photons are filtered
by narrow band filter (NBF) with full width at half maximum (FWHM) of 3nm, and coupled into single-mode fiber by lenses of
focal length 200 mm (L2 and L3) and objective lenses (not shown in Fig. 4).
2. Experimental setups to generate multiqubit state
We extent photon to its path degree of freedom (DOF) by BD with length of 28.3 mm and clear aperture of 10 mm×10 mm.
The BD transmits vertical polarization and deviates horizontal polarization by 3 mm. Specifically, The experimental setups to
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HWP@45°
HWP@90°
PC1
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BD1 BD2
HWP@67.5°
HWP@45°
HWP@90°
（d） （e）
h
v v
h
v
h
HWP@45° HWP@90°
PC1
PC2
BD1
BD2
HWP@45°
HWP@90°
PC1
PC2
BD1
BD2
HWP@22.5°
state preparation
4 qubit W state
HWP@45°
PC1
PC2
BD1 BD2
HWP@67.5°
BD3 BD4
HWP@90°
v
v
v
h
h
h
h
v v
v
h
h
v
v
h
h
(a) (b) (c)
a
b
a
b
b
a
4GHZ
3GHZ 3W
4W4C
FIG. 5. Illustration of the experimental setups to generate multiqubit state (a) the 4-qubit GHZ state |GHZ4〉, (b) the 4-qubit Cluster state |C4〉,
(c) the 4-qubit W state |W4〉, (d) the 3-qubit GHZ state |GHZ3〉, and (e) the 3-qubit W state |W4〉.
generate the five multiqubit states |GHZ4〉, |C4〉, |W4〉, |GHZ3〉 and |W3〉 are shown in Fig. 5(a)-(e), respectively. The step-by-
step calculations are shown in Eq. (C1)-Eq. (C3).
|Ψ+ab〉 =
1√
2
(|H1V3〉+ |V1H3〉)
HWP@45◦−−−−−−−−−−→
on path of photon a
1√
2
(|V1V3〉+ |H1H3〉)
BD1−−→ 1√
2
(|V1〉|v2〉|V3〉+ |H1〉|h2〉|H3〉) = |GHZ3〉
BD2−−→ 1√
2
(|V1〉|v2〉|V3〉|v4〉+ |H1〉|h2〉|H3〉|h4〉) = |GHZ4〉
(C1)
|Ψ+ab〉 =
1√
2
(|H1V3〉+ |V1H3〉)
HWP@45◦−−−−−−−−−−→
on path of photon a
1√
2
(|V1V3〉+ |H1H3〉)
HWP@22.5◦−−−−−−−−−−→
on path of photon b
1
2
(|V1H3〉 − |V1V3〉+ |H1H3〉+ |H1V3〉)
BD1,BD2−−−−−→ 1
2
(|V1〉|v2〉|H3〉|h4〉 − |V1〉|v2〉|V3〉|v4〉+ |H1〉|h2〉|H3〉)|h4〉+ |H1〉|h2〉|V3〉|v4〉) = |C4〉
(C2)
11
|Ψ+ab〉 =
1√
2
(|H1V3〉+ |V1H3〉)
BD1−−→ 1√
2
(|H1〉|h2〉|V3〉+ |V1〉|v2〉|H3〉)
HWP@67.5◦−−−−−−−−−−−−−→
on path h&v of photon a
1
2
[(−|H1〉+ |V1〉)|h2〉|V3〉+ (|H1〉+ |V1〉)|v2〉|H3〉]
BD2−−→ 1√
3
(|V1〉|h2〉|V3〉+ |H1〉|h2〉|H3〉+ |V1〉|v2〉|H3〉)
HWP@45◦−−−−−−−−−−−−−→
on path h&v of photon a
1√
3
(|H1〉|h2〉|V3〉+ |V1〉|h2〉|H3〉+ |H1〉|v2〉|H3〉) = |W3〉
BD3−−→ 1√
3
(|H1〉|h2〉|V3〉|v4〉+ |V1〉|h2〉|H3〉|h4〉+ |H1〉|v2〉|H3〉|h4〉)
HWP@67.5◦−−−−−−−−−−−−−→
on path h&v of photon b
1√
6
[|H1〉|h2〉(|H3〉+ |V3〉)|v4〉+ |V1〉|h2〉(−|H3〉+ |V3〉)|h4〉+ |H1〉|v2〉(−|H3〉+ |V3〉)|h4〉]
BD4−−→ 1
2
(|H1〉|h2〉|H3〉|h4〉+ |H1〉|h2〉|V3〉|v4〉+ |V1〉|h2〉|V3〉|h4〉+ |H1〉|v2〉|V3〉|h4〉)
HWP@45◦−−−−−−−−−−−−−→
on path h&v of photon b
1
2
(|H1〉|h2〉|V3〉|h4〉+ |H1〉|h2〉|H3〉|v4〉+ |V1〉|h2〉|H3〉|h4〉+ |H1〉|v2〉|H3〉|h4〉) = |W4〉
(C3)
3. Measurement and quantum state tomography
If the photon is encoded either in polarization DOF or path DOF, we first perform measurement on polarization DOF and then
the path DOF. As illustrated in Fig. 6, the measurement basis of qubit on polarization DOF α|H〉+β|V 〉 is determined by HWP at
θ1 and QWP at θ2. The measurement basis of qubit on path DOF γ|h〉+δ|v〉 is determined by HWP at θ3 and QWP at θ4. Finally,
a PBS is applied before the photon arrives detector. With this setting, the measurement on basis (α|H〉+β|V 〉)⊗(γ|h〉+δ|v〉) is
achieved. The specific calculations are shown in Eq. (C4). If the photon is only encoded in polarization DOF, the measurement
on basis α|H〉+ β|V 〉 is implemented by a QWP, HWP and PBS.
1st qubit 
 analysis
2nd qubit 
 analysis
HWP@45°
1
q
2
q
3
q
4
q
FIG. 6. Experimental setups of measurement on a photon encoded in polarization DOF and path DOF.
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(α|H〉+ β|V 〉)⊗ (γ|h〉+ δ|v〉) HWP@θ1−−−−−→
QWP@θ2
|H〉 ⊗ (γ|h〉+ δ|v〉)
HWP@45◦−−−−−−→
on path h
γ|V 〉|h〉+ δ|H〉|v〉
BD−−→ γ|V 〉|h〉+ δ|H〉|h〉
HWP@45◦−−−−−−→ (γ|H〉+ δ|V 〉)|h〉
HWP@θ3−−−−−→
QWP@θ4
|H〉|h〉
PBS−−→ |H〉|h〉
(C4)
With this experimental setting, we can perform measurement on arbitrary basis. The experimental results of 〈Sψi 〉 and dψexpt are
shown in Fig. 7a and b, respectively. Moreover, we reconstruct experimentally generated states ρGHZ4expt , ρ
C4
expt, ρ
W4
expt, ρ
GHZ3
expt and ρ
W3
expt
by quantum state tomography[46]. The results are shown in Fig. 8, from which we calculate the fidelity Fψ = tr(ρψexpt|ψ〉〈ψ|).
We observe that FGHZ4 = 0.9571 ± 0.0003, FC4 = 0.9497 ± 0.0002, FW4 = 0.92 ± 0.01, FGHZ3 = 0.9643 ± 0.0003 and
FW3 = 0.9589± 0.0005.
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FIG. 7. Experimental results of (a) expected values of 〈Sψi 〉 and (b) probabilities of dψexpt for state ρGHZ3expt , ρGHZ4expt , ρC4expt, ρW3expt and ρW4expt, respec-
tively. The black grids represent the values for ideal states.
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FIG. 8. Reconstructed density matrices of generated multipartite states.
